Rules for integrands of the form (dx)" (a + bArcTanh[c x"])?

1. [x" (a+bArcTanh[cx"])P dx when p e z*
[ [ex])

(a+bAr‘cTanh[c x"])p
1. J dx when p e z*

X

(a+bArcTanh[c x])P
1. J dx when pez*

X

a +bArcTanh[c x]
1: J dx

X

Derivation: Algebraic expansion
Basis: ArcTanh[z] == >~ Log[1l+z] -

1
2
Basis: ArcCoth[z] = Log[1+ ﬂ _ % Log[lf ﬂ

Rule:

a+bArcTanh[c x 1 b rLog[l+cXx b rLog[l-cXx
j [ ]dlx_,aj-dm-Jde_-Jde
X X 2 X 2 X

b b
— alog[x] - —PolyLog[2, -cx] + — PolyLog[2, cXx]
2 2

Program code:

Int[ (a_.+b_.*ArcTanh[c_.*x_]) /x_,x_Symbol] :=
axLog[x] - b/2xPolylLog[2,-c*x] + b/2xPolylLog[2,cxXx] /;
FreeQ[{a,b,c},x]

Int[ (a_.+b_.*ArcCoth[c_.*x_])/x_,x_Symbol] :=
axLog[x] + b/2xPolylLog[2,-1/(c*x)] - b/2xPolyLog[2,1/ (c*xXx)] /;
FreeQ[{a,b,c},x]



Rules for integrands of the form (d x)~m (a+b arctanh(c x~n))"p

(a +bArcTanh[c x])P
Z:I dx whenp-1ez*

X

Derivation: Integration by parts

Basis: £ == 2 5, ArcTanh [1 - 2 }
X

1-cx

Rule:If p -1 ez, then

X —

(a+bArcTanh[c x])P 4
|
(a+bArcTanh[c x])P* ArcTanh|[1 - I 2 ]
] -2bcp ==

1-c2x?

dx

2 (a+bArcTanh[c x])P ArcTanh [1 -
l1-cx

Program code:

Int[ (a_.+b_.*ArcTanh[c_.*x_])"p_/x_,x_Symbol] :=

2% (a+bxArcTanh[c*x]) *p*ArcTanh[1-2/ (1-c*Xx)] -

2xbxcxpxInt[ (a+bxArcTanh[cxx]) " (p-1) *ArcTanh[1-2/ (1-c*Xx) ]/ (1-c*2%x"2) ,x] /;
FreeQ[{a,b,c},x] && IGtQ[p,1]

Int[ (a_.+b_.*ArcCoth[c_.*x_])”p_/x_,x_Symbol] :=

2% (a+bxArcCoth[c*x]) *p*ArcCoth[1-2/ (1-c*Xx)] -

2xbxcxpxInt[ (a+bxArcCoth[cxx] )~ (p-1) *ArcCoth[1-2/ (1-c*X) ]/ (1-c"2%x"2),x] /;
FreeQ[{a,b,c},x] && IGtQ[p,1]



Rules for integrands of the form (d x)~m (a+b arctanh(c x~n))"p

(a +bArcTanh[c x"])p
2: J dx when p e z*

X
Derivation: Integration by substitution
Basis: ﬂ:—]- = %Subst[ﬂxﬂ-, X, X"] 3x"

Rule: If p € z7, then

b ArcTanh[c x"])P
J.(a+ retan [cx]) dx — lSubst[

(a+bArcTanh[c x])P
. oot ]

dx, X, x"]
X

Program code:

Int[ (a_.+b_.*ArcTanh[c_.*x_“n_])”"p_./x_,x_Symbol] :
1/nxSubst [Int[ (a+bxArcTanh[cxXx])*p/X,X],X,Xx*n] /;
FreeQ[{a,b,c,n},x] && IGtQ[p,0]

Int[ (a_.+b_.*ArcCoth[c_.*x_“n_])”p_./x_,x_Symbol] :
1/n%Subst [Int[ (a+bxArcCoth[c*Xx])"p/X,X],X,Xx*n] /;
FreeQ[{a,b,c,n},x] && IGtQ[p,0]



Rules for integrands of the form (d x)~m (a+b arctanh(c x~n))"p

2: Jx’“ (a+bArcTanh[cx"])Pdx when pez*A (p=1V n=1AmeZ) A m#-1

Derivation: Integration by parts

. 1 -1
Basis: 9 (a + bArcTanh[c x"])P ==bcnp % <a*b’fj§ax“zhn“x” =

Rule:lf peZ*A(p=1V n=1Amez) A m#+ -1,then

dx

+ + -1
J‘Xm (a+bAr‘cTanh[cx"])Pd1x . xm+1 (a+bAr‘cTanh[cx"])p i bcnp J-x'“ n (a+bArcTanh[cx"])"

m+1 m+1 1-c2x2"

Program code:

Int[x_"m_.x(a_.+b_.*ArcTanh[c_.*x_"n_.])"p_.,Xx_Symbol] :=

X" (m+1) * (a+bxArcTanh[c*x”*n]) *p/ (m+1) -

bxcxnxp/ (m+1) *Int [X” (m+n) * (a+bxArcTanh[c*x*n] )~ (p-1) / (1-c*2xXx” (2xn) ) ,Xx] /;
FreeQ[{a,b,c,m,n},x] & & IGtQ[p,0] && (EqQ[p,1] || EqQ[n,1] &% IntegerQ[m]) && NeQ[m,-1]

Int[x_"m_.*(a_.+b_.*ArcCoth[c_.*x_"n_.])"p_.,x_Symbol] :=

X~ (m+1) » (a+bxArcCoth[c*x”*n])~p/ (m+1) -

bxcxnxp/ (m+1) *Int [X” (m+n) * (a+bxArcCoth[c*x*n] )~ (p-1) / (1-c*2xXx" (2xn) ) ,Xx] /;
FreeQ[{a,b,c,m,n},x] & & IGtQ[p,0] && (EqQ[p,1] || EqQ[n,1] &% IntegerQ[m]) && NeQ[m,-1]



Rules for integrands of the form (d x)~m (a+b arctanh(c x~n))"p

m+l

3: Jx"‘ (a+bArcTanh[cx"])Pdx whenp-1ez* A ez

Derivation: Integration by substitution

c 7Z,then xnr[x" =- %Subst[x%'1 FIX], X, X"] 8,x"

Basis: If ’“;1

Rule:lf p-1 ez A ™ c 7 then

n

m 1 ™
Jx (a+bArcTanh[cx"])Pdx — —Subst[j » " (a+bArcTanh[c x])Pdx, x, X"]
n

Program code:

Int[x_"m_.x(a_.+b_.*ArcTanh[c_.xx_"n_])"p_.,x_Symbol] :=
1/n+Subst[Int[x~ (Simplify[ (m+1)/n]-1)« (a+bxArcTanh[c#x]) " p,x],Xx,x*n] /;
FreeQ[{a,b,c,m,n},x] && IGtQ[p,1] && IntegerQ[Simplify[ (m+1)/n]]

Int[x_"m_.*(a_.+b_.*ArcCoth[c_.*x_"n_])”p_.,x_Symbol] :=
1/n+Subst[Int[x~ (Simplify[ (m+1)/n]-1)« (a+bxArcCoth[cxx])"p,x],x,x*n] /;
FreeQ[{a,b,c,m,n},x] && IGtQ[p,1] && IntegerQ[Simplify[ (m+1)/n]]



Rules for integrands of the form (d x)~m (a+b arctanh(c x~n))"p

4. Jx"‘ (a+bArcTanh[cx"])Pdx whenp-1ez*Anez
1. Jx"‘ (a+bArcTanh[cx"])?dx when p-1ez* A nez*

1: Jx'“ (a+bArcTanh[cx"])Pdx whenp-1ez*Anez*Amez

Derivation: Algebraic expansion

Basis: ArcTanh[z] == tesLwzl _ Logll-z]

Basis: ArcCoth[z] == L°g“2+2’” B Log[lz—zﬂ

Rule:lf p-1e€Z"Anez* A me Z,then

bLog[1+cx"] blog[l-cx"])?
+ -
2 2

jx’" (a+bArcTanh[cx"])Pdx — J-ExpandIntegr'and[x’" a s x] dx

Program code:

Int[x_"m_.*(a_.+b_.*ArcTanh[c_.*x_"n_])”p_,x_Symbol] :=
Int [ExpandIntegrand [x*mx (a+bxLog[1l+c*x”*n]/2-bxLog[1-c*x"n]/2) " p,Xx],X] /;
FreeQ[{a,b,c},x] &% IGtQ[p,1] && IGtQ[n,0] && IntegerQ[m]

Int[x_"m_.*(a_.+b_.*ArcCoth[c_.*x_"n_])”p_,x_Symbol] :=
Int [ExpandIntegrand [x*mx (a+bxLog[1+X”" (-n) /c]/2-bxLog[1-x"(-n)/c]/2)"p,Xx],X] /;
FreeQ[{a,b,c},x] &% IGtQ[p,1] && IGtQ[n,0] && IntegerQ[m]



Rules for integrands of the form (d x)~m (a+b arctanh(c x~n))"p

2: jx'“ (a+bArcTanh[cx"])Pdx whenp-1€Z*Anez* A meF

Derivation: Integration by substitution
Basis: If k € Z*, then Fx] = k subst [x*1 F[x*], x, x2/k] a,x/k
Rule:lf p-1e€eZ*"Anez*"AN meF,letk -~ Denominator [m], then

Jx"‘ (a+bArcTanh[cx"])?dx — kSubst [Jxk ™1 (a+bArcTanh[cx*"])?dx, x, xl/k]

Program code:

Int[x_"m_.*(a_.+b_.*ArcTanh[c_.*x_"n_])”p_,x_Symbol] :=

With [ {k=Denominator[m]},

k*Subst [Int [x” (k% (m+1) -1) * (a+bxArcTanh [c*x” (kxn) ]) ~p,Xx] ,X,x" (1/k) ] ] /3
FreeQ[{a,b,c},x] & IGtQ[p,1] && IGtQ[n,0] && FractionQ[m]

Int[x_"m_.*(a_.+b_.*ArcCoth[c_.*x_”"n_])”p_,x_Symbol] :=

With [ {k=Denominator[m]},

k*Subst [Int [x” (k* (m+1) -1) * (a+bxArcCoth [c*x” (k*n) ]) *p,x] ,X,x" (1/k) ] ] /5
FreeQ[{a,b,c},x] & IGtQ[p,1] && IGtQ[n,0] && FractionQ[m]



Rules for integrands of the form (d x)~m (a+b arctanh(c x~n))"p

2: Jx’" (a+bArcTanh[cx"])Pdx when p-1e€z* A nez"

Derivation: Algebraic simplification
Basis: ArcTanh {2*1} == ArcCoth[z]
Rule:lf p-1€2z* A nez,then

no\p
Jx'“ (a+bArcTanh[cx"])Pdx — Jx’" [a + bArcCoth[x_]] dx
c

Program code:

Int[x_"m_.*(a_.+b_.*ArcTanh[c_.*x_”"n_])”~p_,x_Symbol] :
Int [x*m* (a+bxArcCoth [x” (-n) /c])*p,Xx] /;
FreeQ[{a,b,c,m},x] && IGtQ[p,1] && ILtQ[n,0]

Int[x_"m_.*(a_.+b_.*ArcCoth[c_.*x_”~n_])”~p_,x_Symbol] :
Int [x*m* (a+bxArcTanh[x” (-n) /c])*p,Xx] /;
FreeQ[{a,b,c,m},x] && IGtQ[p,1] && ILtQ[n,0]



Rules for integrands of the form (d x)~m (a+b arctanh(c x~n))"p

5: Jx"‘ (a+bArcTanh[cx"])Pdx whenp-1ez*A neF

Derivation: Integration by substitution
Basis: If k e Z*,then Fx] = k Subst [x** F[x¥], x, x/k] a,x/¥
Rule:lf p-1€zZ*AneF A meZletk - Denominator[n],then

jx"‘ (a+bArcTanh[cx"])?dx — kSubst [jxk ™1 (a+bArcTanh[cx*"])?dx, x, xl/k]

Program code:

Int[x_"m_.*(a_.+b_.*ArcTanh[c_.*x_"n_])”p_,x_Symbol] :=
With[{k=Denominator[n]},
k*Subst [Int [x” (k% (m+1) -1) * (a+bxArcTanh [c*x” (kxn) ]) ~p,Xx] ,X,x" (1/k) ] ] /3
FreeQ[{a,b,c,m},x] && IGtQ[p,1] && FractionQ[n]

Int[x_"m_.*(a_.+b_.*ArcCoth[c_.*x_”"n_])”p_,x_Symbol] :=

With [ {k=Denominator[n]},

k*Subst [Int [x” (k* (m+1) -1) * (a+bxArcCoth [c*x” (k*n) ]) *p,x] ,X,x" (1/k) ] ] /5
FreeQ[{a,b,c,m},x] && IGtQ[p,1] && FractionQ[n]

2: J(dx)"‘ (a+bArcTanh[cx"]) dx whennez A m# -1

Derivation: Integration by parts

Basis: If n € Z,then 9y (a + b ArcTanh[c x"]) == 4<—)—dfj' ’<‘1fdc’2‘ Xr;:)

Rule:lf nez A m+ -1, then



Rules for integrands of the form (d x)~m (a+b arctanh(c x~n))"p

dx

(dx)™?* (a+bArcTanh[cx"]) bcn J- (d x)™n
1

2,2n

-Cc°X

j(d x)" (a+bArcTanh[cXx"]) dx — -
d (m+1) d" (m+1)

Program code:

Int[ (d_»x_)"m_x (a_.+b_.xArcTanh[c_.*x_"n_.]) ,x_Symbol] :=
(d*x) ~ (m+1) * (a+bxArcTanh[c*x”*n]) / (d* (m+1)) -
bxcxn/ (d*n* (m+1) ) *Int [ (d*x)~ (m+n) / (1-c*2xx" (2%n) ) ,X] /;
FreeQ[{a,b,c,d,m,n},x] &% IntegerQ[n] && NeQ[m,-1]

Int[(d_»x_)"m_x (a_.+b_.xArcCoth[c_.*x_"n_.]),x_Symbol] :=
(d*x) ~ (m+1) % (a+bxArcCoth[c*x”*n]) / (d* (m+1)) -

bxcxn/ (d*nx (m+1) ) *Int [ (d*Xx)~ (m+n) / (1-c*2xx" (2xn) ) ,X] /;
FreeQ[{a,b,c,d,m,n},x] &% IntegerQ[n] && NeQ[m,-1]

3: j(dx)'“ (a+bArcTanh[cx"])Pdx when pez*A (p==1 V mMERANER)

Derivation: Piecewise constant extraction
Basis: a, 1d—>— =0

Rule:lf peZ*A(p==1V meFAnNneTF),then

dIntPar‘t [m] (d X) FracPart[m]

j(d x)" (a+bArcTanh[cx"])?dx — Jxm (a+bArcTanh[cx"])? dx

XFracPart[m]

Program code:

Int[(d_*»x_)"m_x(a_.+b_.*ArcTanh[c_.*x_"n_.])”"p_.,x_Symbol] :=
d~IntPart[m] * (dxx) ~*FracPart[m] /x*FracPart [m] *Int [x*m* (a+b*ArcTanh[c*x*n])*p,x] /;
FreeQ[{a,b,c,d,m,n},x] && IGtQ[p,0] && (EqQ[p,1] || RationalQ[m,n])

Int[(d_*»x_)"m_x(a_.+b_.*ArcCoth[c_.*x_"n_.])”"p_.,x_Symbol] :=
d*IntPart[m] * (dxx) ~*FracPart[m] /x*FracPart [m] *Int [x"m* (a+bxArcCoth[c*x”n])*p,x] /;
FreeQ[{a,b,c,d,m,n},x] && IGtQ[p,@] && (EqQ[p,1] || RationalQ[m,n])



Rules for integrands of the form (d x)~m (a+b arctanh(c x~n))"p

u: J(d x)" (a+bArcTanh[cx"])? dx

Rule:

j(d x)" (a+bArcTanh[cx"])?dx — J.(dx)’" (a+bArcTanh[cx"])?dx

Program code:

Int[(d_.*x_)"m_.x(a_.+b_.*ArcTanh[c_.*x_"~n_.])"p_.,Xx_Symbol]
Unintegrable[ (d#x) “mx (a+b*ArcTanh[c*x~n])*p,x] /;
FreeQ[{a,b,c,d,m,n,p},x]

Int[(d_.*x_)~m_.x(a_.+b_.xArcCoth[c_.*x_“~n_.])”"p_.,Xx_Symbol]
Unintegrable[ (d#x) “mx (a+bxArcCoth[cx*x”~n])*p,x] /;
FreeQ[{a,b,c,d,m,n,p},x]
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